Abstract. Let N be a connected and simply connected nilpotent Lie group, and let K be a subgroup of the automorphism group of N . We say that the
Introduction
A Gelfand pair (G, K) consists of a locally compact topological group G and a compact subgroup K ⊂ G such that the space L 1 (G//K) of integrable K-biinvariant functions on G is commutative. Such pairs arise naturally in harmonic analysis and representation theory of Lie groups, with perhaps the best known examples emerging in the case of a connected semisimple Lie group G with finite center and maximal compact subgroup K. These pairs have played a critical role in understanding the representation theory of semisimple Lie groups, and have been studied extensively in the past 50 years [GV88, Hel84] . We are interested in a class of Gelfand pairs which arise in analysis on nilpotent Lie groups. Let N be a connected and simply connected nilpotent Lie group, and let K be a compact subgroup of the automorphism group of N . We say (K, N ) is a nilpotent Gelfand pair if L 1 K (N ) is an abelian algebra under convolution. In this setting, the pair (K ⋉ N, K) is a Gelfand pair by our initial definition. By [BJR90, Theorem A], any such N is two-step (or abelian), with center Z and top step V := N/Z. Nilpotent Gelfand pairs have been completely classified in [Vin03, Yak05, Yak06] . In the case where N is a Heisenberg group, such pairs have been extensively studied, and several interesting topological models for their spectra exist in the literature [BJR92, BJRW96, BR13] . In this paper, we develop a topological model for the spectra of a more general class of nilpotent Gelfand pairs.
For a nilpotent Gelfand pair (K, N ), let n = LieN and write n = V ⊕ z, where z = LieZ is the center of n and [V, V] ⊆ z. Let D K (N ) be the algebra of differential operators on N that are simultaneously invariant under the action of K and left multiplication by N . The algebra D K (N ) is freely generated by a finite set of differential operators {D 0 , . . . , D r }, obtained from a generating set {p 0 , . . . , p r } of Let E(K, N ) denote the image of ∆(K, N ) under Φ. In this paper, we develop a different topological model for ∆(K, N ) (the promised "orbit model"), and the existence of the eigenvalue model plays a critical role in proving our desired convergence results.
In [BR08] , the authors establish a bijection between ∆(K, N ) and a set A(K, N ) of K-orbits in the dual n * of n, which we refer to as K-spherical orbits (Definition 1). We describe this bijection precisely below. It is conjectured in [BR08] that this bijection is a homeomorphism, and the goal of this paper is to prove the conjecture for a certain class of nilpotent Gelfand pairs (Definitions 2 and 3). The topological correspondence ∆(K, N ) ↔ A(K, N ) is motivated by the "orbit model" philosophy of representation theory, which asserts that the irreducible unitary representations of a Lie group should correspond to coadjoint orbits in the dual of its Lie algebra. For nilpotent and exponential solvable groups, orbit methods have been established, and these methods provide a homeomorphism between the unitary dual and the space of coadjoint orbits [Bro73, LL94] .
To describe such a model for nilpotent Gelfand pairs, let G = K ⋉ N , let G denote the unitary dual of G, and let G K = {ρ ∈ G : ρ has a 1-dimensional space of K-fixed vectors}.
For each ρ ∈ G, the orbit method of Lipsman [Lip80, Lip82] and Pukanszky [Puk78] produces a well-defined coadjoint orbit O(ρ) ⊂ g * , and the orbit mapping
is finite-to-one. If (G, K) is a Gelfand pair, then on G K , the correspondence is one-to-one. In [BR08] it is shown that for each ρ ∈ G K , the intersection K(ρ) := O(ρ) ∩ n * is a single K-orbit in n * .
Definition 1. Let A(K, N ) be the set of K-orbits in n * given by A(K, N ) := {K(ρ)| ρ ∈ G K }.
We call A(K, N ) the set of K-spherical orbits for the Gelfand pair (K, N ).
A key result in [BR08] is that K-spherical orbits are in bijection with the collection of irreducible unitary representations of G with K-fixed vectors.
Theorem 2. [BR08]
The map K : G K → A(K, N ) is a bijection.
The spherical functions for (K, N ) correspond with G K . Indeed, to each representation of G with a K-fixed vector, one can obtain a spherical function φ by forming the matrix coefficient for a K-fixed vector of unit length. This allows us to lift the map K to a well-defined map
There is an alternate description of Ψ which is preferable for calculations. The bounded spherical functions φ ∈ ∆(K, N ) are parameterized by pairs (π, α), where π and α are irreducible unitary representations of N and the stabilizer K π of π in K, respectively. These are the Mackey parameters described in Section 3. For the coadjoint orbit O = O N (π) ⊂ n * associated to π, one can define a moment map τ O → k * π in such a way that the image of τ O includes the Ad * (K π )-orbit O Kπ (α) associated to the representation α ∈ K π (see Section 4). Moreover, one can choose a spherical point ℓ π,α ∈ O (Definition 4) with
This is the realization of Ψ that we will use in future arguments. A corollary of Theorem 2 is the following.
The compact-open topology on ∆(K, N ) corresponds to the Fell topology on G K . We give A(K, N ) the subspace topology from n * /K. Note that n * /K is metrizable since K is compact. In [BR08] , the authors prove that Ψ is a bijection for all nilpotent Gelfand pairs and a homeomorphism whenever N is a Heisenberg group or a free group. Further, it is conjectured that Ψ is a homeomorphism for all nilpotent Gelfand pairs. In this document, we show that this conjecture holds for a certain class of nilpotent Gelfand pairs. To describe exactly which (K, N ) our result applies to, we first establish some terminology.
Definition 2. Let (K, N ) be a nilpotent Gelfand pair. Let z be the center of the Lie algebra n of N . We say that (K, N ) has spherical central orbits if generic orbits of the restricted action of K on z are of codimension one.
In Section 1 we endow n = V ⊕ z with an inner product ·, · such that z = [n, n], and V ⊥ z. If (K, N ) has spherical central orbits, then we can fix a unit base point A ∈ z, and define a skew-symmetric form (v, w) → [v, w], A on V.
Definition 3. We say that a nilpotent Gelfand pair (K, N ) is non-degenerate on V if the skew-symmetric form
is non-degenerate on V. Here v, w ∈ V and A ∈ z is the fixed unit base point.
The main result of this paper is the following.
Theorem 4. Let (K, N ) be a nilpotent Gelfand pair with spherical central orbits that is non-degenerate on V. Then the map Ψ is a homeomorphism.
The first and second blocks of Table 1 in [FRY12] consist of nilpotent Gelfand pairs satisfying Definitions 2 and 3 and the extra condition that the action of K on V is irreducible. These examples of nilpotent groups are all of type H. However, our proof of Theorem 4 does not make this irreducibility assumption, so our argument holds for a larger class of Gelfand pairs than those listed in the first two blocks of [FRY12] .
This document is organized in the following way. Section 1 establishes notation and conventions. Section 2 reviews the orbit model for Heisenberg Gelfand pairs. We include this information because certain parts of the proof of our main result reduce to this setting. Section 3 describes the representation theory of the semidirect product group K ⋉ N to give a parameterization of the Gelfand space of (K, N ). In Section 4 we define a moment map on coadjoint orbits in order to calculate spherical points. The proof of our main result can be found in Section 5. Section 6 provides a detailed example.
Preliminaries and Notation.
• Throughout this document, N is a connected and simply connected 2-step nilpotent Lie group, K is a (possibly disconnected) compact Lie subgroup of the automorphism group of N , and (K, N ) is a nilpotent Gelfand pair. In Sections 3 and 4 we start by describing results which apply to all nilpotent Gelfand pairs, then in the second half of each section restrict our attention to nilpotent Gelfand pairs satisfying Definitions 2 and 3. In statements of theorems, we always indicate the restrictions we are making on (K, N ).
• We denote Lie groups by capital Roman letters, and their corresponding Lie algebras by lowercase letters in fraktur font. We identify N with its Lie algebra n via the exponential map. We denote the derived action of k on n by A · X for A ∈ k and X ∈ n.
• We denote by H the unitary dual of a Lie group H. We identify representations that are unitarily equivalent, and we do not distinguish notationally between a representation and its equivalence class.
• We denote the coadjoint actions of a Lie group H and its Lie algebra h on h * by
, and
for h ∈ H, ϕ ∈ h * , and X, Y ∈ h.
• We use the symbol O to denote a coadjoint orbit in n * . If x ∈ n * , O x denotes the coadjoint orbit containing x. If such an orbit is determined by a parameter λ, we sometimes refer to the orbit as O λ .
• We fix a K-invariant positive definite inner product ·, · on n, and let V = z ⊥ so that n = V ⊕ z. Here z = LieZ is the center of n. We identify n and n * via this inner product.
• We fix a unit base point A ∈ z, and use it to define a form
The letter A will be used throughout the document to refer to this fixed unit base point.
Heisenberg Gelfand Pairs
In this section we will describe the orbit model for Gelfand pairs of the form (K, H a ) where H a is a Heisenberg group. As noted in the introduction, a more complete discussion of the situation reviewed here can be found in [BJR92, BJRW96, BR13] . We cover this case because our proof of Theorem 4 uses the proof of this same result when N is a Heisenberg group.
1. Spherical Functions and the Eigenvalue Model. In the rest of this subsection, as well as the next one, let H V = V ⊕ R, where V is a complex vector space. Let ·, · be a positive definite Hermitian inner product on V . The Lie algebra, h V , of H V can be expressed as
Let K be a compact subgroup of the unitary group U (V ) for V such that (K, H V ) is a nilpotent Gelfand pair. This is equivalent to the fact that the action of K on V is a linear multiplicity free action [BJR90] . The group K acts on H V via k · (v, t) = (kv, t).
We start by reviewing some facts about the multiplicity free action K : V . Let T ⊂ K be a maximal torus in K with Lie algebra t ⊂ k, and let h := t C be the corresponding Cartan subalgebra in k C . Denote by H the corresponding subgroup of the complexified group K C , and let B be a fixed Borel subgroup of K C containing H. Let Λ ⊂ h * be the set of highest B-weights for irreducible representations of K C (or, equivalently, K) occurring in C[V ], and denote by
into irreducible subrepresentations of K C (and K). The subspaces P α consist of homogeneous polynomials of a fixed degree. For α ∈ Λ, denote by |α| the degree of homogeneity of polynomials in P α , denote by d α the dimension of P α , and fix a B-highest weight vector h α ∈ P α (unique modulo C × ). If P m (V ) is the space of holomorphic polynomials on V of homogeneous degree m, then P α ⊂ P |α| (V ). The highest weights in Λ are freely generated by a finite set of fundamental weights {α 1 , . . . , α r } [BR13] , which have the property that the corresponding polynomial h i := h αi is irreducible. It follows that the highest weight vector h α in each invariant subspace P α has the form To understand the orbit model for ∆(K, H V ), we review the representation theory of K ⋉ H V . The irreducible unitary representations of H V are classified by Kirillov's "orbit method" [Kir04] 1 . One sees that the irreducible unitary representations of H V naturally split into two types according to their parametrization by the coadjoint orbits in h * V . In particular, the "type I" representations ρ λ are indexed by real numbers λ = 0, with associated coadjoint orbit (which we refer to as a "type I" orbit)
O λ = V ⊕ {λ}, and the "type II" representations χ b correspond to one-point orbits
A type I representation ρ λ ∈ H V can be realized in the Fock space F V , which is the L 2 -closure of C[V ] endowed with a Gaussian measure. For k ∈ K, we have ρ λ • k ∼ = ρ λ and the intertwining map is the natural action of K on C[V ]. From the type I representation ρ λ ∈ H V , a type I spherical function can be constructed by taking the K-averaged matrix coefficient for ρ λ on some P α with α = α m for some m. (1)
We now demonstrate how to calculate Φ(φ), where Φ : ∆(K, H a ) → E(K, H a ) as in Section 1 and φ ∈ ∆(K, H a ). Aligning notation with [BR13] , we denote by
K the algebra of K-invariant polynomials on the underlying real vector space for V , and PD(V ) K the space of K-invariant polynomial coefficient differential operators on V . By Schur's lemma, each differential operator D ∈ PD(V ) K acts on the K-irreducible subspace P αm by a scalar. In [BR08] , it is shown that
K and PD(V ) K C are constructed in the following way. For each irreducible subspace P α fix an orthonormal basis {q j : 1 ≤ j ≤ d α } with respect to the Fock inner product on C[V ]. Then define
The polynomial p α is homogeneous of degree 2|α|. Write p α (v, v) for the polynomial p α (v), and construct a differential operator p α (v, ∂) ∈ PD(V ) K by substituting ∂ i for v i and letting derivatives act to the right of multiplication. This differential operator p(v, ∂) is homogeneous of degree |α|. Then the sets {p α : α ∈ Λ} and
K is generated by the set {p α1 , . . . , p αr }, where {α 1 , . . . , α r } are the fundamental weights introduced at the beginning of this section.
We use the bases for C[V R ]
K and PD(V ) K above to construct a generating set for the algebra D K (H V ). We can consider a K-invariant polynomial p on V to be a K-invariant polynomial on H V by letting p act trivially on the center. For any
Define the K-invariant polynomial p 0 on H V by p 0 (v, t) = −it, and let p i := p αi be the generating elements for C[V R ]
K constructed above, considered as K-invariant polynomials on H V . We choose labeling so that p 1 (v) = |v| 2 . The set {p 0 , . . . , p r } forms a homogeneous generating set for the K-invariant polynomials on N , where the degree of homogeneity of p i is 2|α 
The bounded K-spherical functions in ∆(K, H V ) are eigenfunctions for operators in the algebra D K (H V ), and our next step is to examine the corresponding eigenvalues. We know from [BJR92] that the type I spherical function
To compute the eigenvalue of an operator 
Therefore the eigenvalues D p (φ 1,m ) are polynomials (not necessarily homogeneous) in m = (m 1 , . . . , m r ) of degree s p /2. To emphasize this, we define
to be this (degree s p /2) polynomial. Note that the differential operator D p can be defined by other methods (quantizations) and that this only affects the lower order terms in the eigenvalue polynomial p. We end this subsection by calculating D 0 (φ λ,m ) and D 1 (φ 1,m ). These eigenvalues are explicitly used in the proof of Theorem 4 in Section 5.
To compute D 1 (φ 1,m ), we notice that since
, where |m| := |α m | is the degree of the polynomials in P αm .
2. The Orbit Model. In this section, we describe the orbit model for Heisenberg Gelfand pairs. These results first appeared in [BR13] , and were reviewed in [BR08] . We begin by introducing some general terminology involving moment maps, then specialize to the Heisenberg setting and define moment maps on coadjoint orbits.
Let V be a Hermitian vector space and K ⊂ U (V ). We define the moment map
Then τ is K-equivariant, and it is known that the action of K on C[V ] is multiplicity-free if and only if τ is one-to-one on K-orbits. We make this assumption, and let
be the multiplicity free decomposition. Following [BR13, §2.4], we associate a coadjoint orbit O α in k * to each irreducible subspace P α by first extending α ∈ Λ ⊂ t * to a real-valued linear functional on k by
and setting O α = Ad * (K)α k . Here t ⊥ is the orthogonal complement of t with respect to a fixed Ad(K)-invariant inner product on k. By [BJLR97, Prop. 4.1], each coadjoint orbit O α , α ∈ Λ, lies in the image of τ .
Definition 4. If α ∈ Λ is a positive weight of the K action on P (V ), then a spherical point of type α is any point v α ∈ V such that τ (v α ) = α k .
Since the action of K C on V is multiplicity-free, there is an open Borel orbit in V . Let B be a Borel subgroup of K C with Lie algebra b as defined in Section 1, and let v α be a spherical point of type α. Then the highest weight vector h α ∈ P α is a weight vector for b. That is, we can extend α to b so that
Definition 5. We say that the spherical point v α is well-adapted if
We provide some motivation for this definition by showing that any v α in the B-open orbit is well-adapted. We note that this will be true for generic α, but is not necessarily true for the generators of Λ. Since h α is a semi-invariant for B, we must have h α (v α ) = 0. For Z ∈ b, we have
Additionally, we have
By openness, any derivative is of the form ∂ Z·vα , including those in the basis directions. Thus we have
. It has been shown that all multiplicity free actions have well-adapted spherical points. Now we apply these results to the Heisenberg Gelfand pair (K, H a ) to calculate the spherical points and define the map Ψ described in Section 1. The space V is a Hermitian vector space with form ·, · , and K ⊂ U (V ), so by the preceding paragraphs, we have a moment map τ : V → k * defined as above. We use this moment map to define moment maps on coadjoint orbits. For a type I orbit O λ = V ⊕ {λ}, the moment map
This relationship lets us compute the spherical points in a type I coadjoint orbit O λ = V ⊕ {λ} for the moment map τ λ , which we will use to define our orbit model. For each α m ∈ Λ (the set of highest weights of the representation of K on C[V ]), choose v m ∈ V with τ (v m ) = α mk . Note that all choices for v m will be in the same K-orbit. Then the point ( √ λv m , λ) ∈ O λ is a spherical point of τ λ of type α m . Next we relate the values of K-invariant polynomials on these spherical points to the eigenvalues described in Section 1. This relationship is the key observation that drives our main argument in Section 5. Recall from Section 2 that p(m) = D p (φ 1,m ) is a degree s p /2 polynomial on V . Write top p(m) for the highest order homogeneous term in m.
Proof. Consider the following:
We define a vector η(m, v) with entries
For any partial derivative ∂ a = (∂ i ) ai , up to lower-order terms in m, we have Using equation (3), we immediately obtain the following corollary.
Corollary 6. For a type I spherical function φ λ,m ∈ ∆(K, H a ), a spherical point v m ∈ V of τ , and a homogeneous K-invariant polynomial p on V , we have
For type II spherical functions, the eigenvalues are obtained by evaluation on spherical points, as can be seen in the following lemma.
Proof. Let {e j } 1≤j≤2a be a (real) basis for V which is orthonormal with respect to the real inner product , . Then the corresponding vector fields E j on H a act as follows:
Finally, using Lemma 5, Corollary 6, and Lemma 7, one can prove that the map Ψ is a homeomorphism, and hence prove Theorem 4, for the Heisenberg Gelfand pair (K, H a ) . This was shown in [BR13] and we refer the reader to the proof of Theorem 1.2 in that paper.
in the type I case, and
in the type II case, is a homeomorphism.
Representation Theory of K ⋉ N
In this section we recall the representation theory of the group G = K ⋉N , where (K, N ) is a nilpotent Gelfand pair, following the treatment in [BR08] . Then we give a more detailed description of these results for the specific class of nilpotent Gelfand pairs we are interested in -those satisfying Definitions 2 and 3. We conclude the section by describing the eigenvalue model for the Gelfand space of such nilpotent Gelfand pairs.
As a first step in this process, we review the representation theory of the nilpotent group N . Representations of simply connnected, real nilpotent Lie groups are classified by Kirollov's "orbit method" [Kir04] , which proceeds as follows. Given an element ℓ ∈ n * , one selects a subalgebra m ⊆ n which is maximal in the sense that ℓ([m
′ are in the same coadjoint orbit in n * . That is, the association N · ℓ → π ℓ yields a bijection between coadjoint orbits in n * and irreducible unitary representations of N .
In our setting, N is a two-step nilpotent Lie group. This extra structure allows us to make a canonical choice of an "aligned point" in each coadjoint orbit. We describe this process now. Recall that the Lie algebra of N is n = V ⊕ z, where z and V are orthogonal with respect to the inner product ·, · (see Section 1). For a coadjoint orbit O ⊂ n * , we choose ℓ ∈ O so that O = Ad * (N )ℓ, then we define a bilinear form on n by
Since N is two-step nilpotent, B O only depends on ℓ| z , and hence both B O and a O do not depend on our choice of ℓ ∈ O. For each coadjoint orbit O, this process gives us a decomposition
Since N is two-step nilpotent, this map is a homeomorphism [BR08] , and thus gives us an identification of w O with O. Note that this identification does depend on the choice of ℓ. However, in [BR08] it is shown that there is a canonical choice of ℓ in the following sense. This gives us a canonical identification w O ≃ O. Furthermore, the action of K on n * sends aligned points to aligned points, which implies that the stabilizer K O = {k ∈ K : k · O = O} of a coadjoint orbit coincides with the stabilizer K ℓ = {k ∈ K : k · ℓ = ℓ} of its aligned point. (See Section 3.2 of [BR08] for a full discussion.)
Next we recall the process for describing G in terms of representations of N and subgroups of K. This is the Mackey machine. There is a natural action of K on N by
where k ∈ K and π ∈ N . Let π be an irreducible unitary representation of N corresponding to a coadjoint orbit O ⊂ n * as described above. Denote the stabilizer of π under the K-action by
Here ≃ denotes unitary equivalence. Note that by the discussion above,
Mackey theorey establishes that we can use such representations W π to build all irreducible unitary representations of G.
Theorem 9.
[BR08] Let (K, N ) be any nilpotent Gelfand pair. Given any irreducible, unitary representation α of K π , the representation
is an irreducible representation of G. The representation ρ π,α is completely determined by the parameters π ∈ N and α ∈ K π . All irreducible, unitary representations of G are of this form, and ρ π,α ∼ = ρ π ′ ,α ′ if and only if the pairs (π, α) and (π ′ , α ′ ) are related by the K-action.
We say that ρ = ρ π,α has Mackey parameters (π, α). For a coadjoint orbit O ⊂ n * with aligned point ℓ ∈ O, the corresponding representation π ∈ N factors through N O = exp(n/ ker(ℓ| z )).
The group N O is the product of a Heisenberg group H and the (possibly trivial) abelian group a O . The inner product ·, · can be used to construct an explicit isomorphism ϕ from H to the standard Heisenberg group H a := V ⊕ R, where V is a unitary K π space (see Section 5.1 of [BR08] ). This construction allows us to realize π as the standard representation of H V in the Fock space F V on V , and thus realize W π as the restriction to K π of the standard representation of U (V ) on F V . Now we specialize to the case of nilpotent Gelfand pairs satisfying Definitions 2 and 3.
As in Section 1, we fix A ∈ z to be a unit base point. For any ℓ = (b, B) ∈ n * with B = 0, we have B = λA with λ > 0. The form (v, w) → [v, w], A is nondegenerate on V, and hence the orbit through ℓ is Ø = V ⊕ λA with aligned point (0, λA). For ℓ = (b, 0), the coadjoint orbit through ℓ is a single point. We conclude that we have two types of coadjoint orbits:
• Type I Orbits: When the parameter λ > 0, we have an aligned point of the form ℓ = (0, λA). We call the corresponding coadjoint orbits type I orbits and the corresponding representations π λ ∈ N type I representations. Since these orbits depend only on the parameter λ ∈ R + , we denote them O λA .
• Type II Orbits: When λ = 0, the corresponding coadjoint orbits contain only the aligned point ℓ = (b, 0), where b ∈ V. We call such coadjoint orbits type II orbits and the corresponding representations χ b ∈ N a type II representations. Since these orbits depend only on the parameter b ∈ V, we denote them O b .
Consider a type I coadjoint orbit O λA with aligned point ℓ = (0, λA) and corresponding type I representation π λ ∈ N . The coadjoint orbit is of the form
The representation π λ has codimension 1 kernel in z, and factors through
where N O λA = H A := V ⊕RA is a Heisenberg group. On H A , our representation is a type I representation ρ λ of the standard Heisenberg group, which can be realized on Fock space (see Section 1 for a construction of such representations). We can make this explicit by describing the map ϕ between H A and the standard Heisenberg group, which we will use to relate our nilpotent Gelfand pairs to the established results in the Heisenberg setting.
The stabilizer K π λ of π λ in K is equal to the stabilizer K A of A. This gives us a the precise relationship between type I representations π λ ∈ N and type I representations ρ λ ∈ H V : Corollary 10. Suppose that the nilpotent Gelfand pair (K, N ) satisfies Definitions 2 and 3. Fix A ∈ z with norm 1. Then each representation ρ ∈ G is unitarily equivalent to one of the form ρ π λ ,α for λ ∈ R + and α ∈ K A , or one of the form
We complete this section with a parameterization of the Gelfand space and a description of the eigenvalue model of the Gelfand space. By the discussion above, type I representations π λ of N are parameterized by λ > 0 and they factor through a unique type I representation ρ λ of H V . Therefore, the corresponding type I 
Thus, we have the following parameterization of the Gelfand space.
The eigenvalue model mentioned in Section 1 gives us a useful geometric model of ∆(K, N ).
Theorem 11. [FR07]
There is an isomorphism
given by Φ(ψ) = ( D 0 (ψ), . . . , D r (ψ)), where D i are invariant differential operators obtained from a generating set {p 0 , . . . , p r } of K-invariant polynomials on n.
3
Without loss of generality, we may choose this generating set {p 0 , . . . , p r } to consist of homogeneous polynomials. (Indeed, because the K-action is linear, it will preserve homogeneous terms of each degree, so each homogeneous term is itself an invariant polynomial.) In addition, we choose our enumeration so that the first two polynomials are the invariants p 0 (v, Y ) = |Y | 2 and p 1 (v, Y ) = |v| 2 .
Moment Map and Spherical Points
In this section we define moment maps on coadjoint Ad * (N )-orbits for a general nilpotent Gelfand pair (K, N ), following [BR08] . We then specialize to the setting of our class of nilpotent Gelfand pairs and calculate the spherical points that we use to define the map Ψ discussed in Section 1.
Here ℓ O is the unique aligned point in O.
3 We remind the reader that we are identifying N and n via the exponential map, so this theorem is equivalent to Theorem 1 stated in Section 1.
Now we specialize to nilpotent Gelfand pairs (K, N ) satisfying Definitions 2 and 3 and identify the spherical points in A(K, N ). We start by analyzing the moment map τ O of the preceding definition in more detail for the type I orbit O A with aligned point ℓ A = (0, A). Let τ A := τ OA be the moment map defined above. Then
since V and z are orthogonal with respect to ·, · . So if we identify O A with V in the sense of equation (5), we have Ad * (v)ℓ A = −J A v, and
Here
Recall that by equation (4), the relationship between this moment map τ and the moment map τ λ : O λ → k on a type I coadjoint orbit O λ ⊂ h * of the Heisenberg group is given by
The moment maps on all other type I orbits O λA can be obtained from τ A by scaling. Indeed, if τ λA := τ O λA is the moment map on a type I orbit O λA with aligned point ℓ λA = (0, λA), then
for v ∈ V and Z ∈ k *
A . This gives us the following relationship between moment maps:
This relationship allows us to compute type I spherical points of τ λA using type I spherical points of τ λ , which we established in Section 2 are ( √ λv m , λ) ∈ O λ for v m ∈ V a spherical point of τ of type α m . Under our association of n and n * via ·, · (see Section 1), one can compute the coadjoint action on aligned points (0, λA).
Using this action and (7), we compute
This proves the following lemma.
Lemma 12. Let O λA = V ⊕ λA be a type I orbit in n * . The type I spherical points contained in O λA are ( √ λv m , λA), where ( √ λv m , λ) is a spherical point in the associated Heisenberg coadjoint orbit O λ ⊂ h * .
Since type II orbits O b contain a single point (b, 0) and the moment map
* is the zero map, the point (b, 0) is a spherical point of τ O b . Next we will relate invariant polynomials on n to invariant polynomials on H V . Let p be a K-invariant polynomial on n. Then we can define a K A -invariant poly-
where ϕ : H A → H V is the map from Section 3. Let D pA and D p denote the corresponding differential operators on H V and n, respectively. Recall that for a type I representation π λ ∈ N and associated type I representation ρ λ ∈ H V , we have the relationship
This tells us that
Here, φ λ,m is a type I spherical function in ∆(K, H a ) and ψ λ,m is a type I spherical function in ∆(K, N ). (Note that type I spherical functions for (K, N ) have the same parameterization as type I spherical functions for (K, H V ), so we distinguish between the two by using φ to refer to functions in ∆(K, H V ) and ψ for functions in ∆(K, N ).) Similarly, if φ b is a type II spherical function with corresponding orbit O b = {(b, 0)} ⊂ n * and representation π b ∈ N , then we still have the relationship π b = ρ b • ϕ, where ρ b ∈ H V is the corresponding type II representation of the Heisenberg group. This implies that, as in the type I case, for any K-invariant polynomial p on n,
Therefore, using Lemma 7,
Now we can explicitly define Ψ.
for type I spherical functions, and
for type II spherical functions. Here v m is a spherical point of the moment map τ : V → k * defined by τ (v)(Z) = − 1 2 v, Z · v , as described in Section 2. This is the same map defined in Section 1 (see Proposition 5.3 of [BR08] ). Our main result is that Ψ is a homeomorphism. The following section is dedicated to the proof of this fact.
The Orbit Model
In this section we establish the orbit model for nilpotent Gelfand pairs which have spherical central orbits and are nondegenerate on V, namely those satisfying Definitions 2 and 3. Again, we assume (K, N ) is one such Gelfand pair. The goal of this section is to show that Ψ is a homeomorphism. Before starting the proof, we need two more tools.
The following fact from invariant theory is vital.
Theorem 14. [OV12]
The orbits of a compact linear group acting in a real vector space are separated by the invariant polynomials.
Now we are ready to prove Theorem 4. From Theorem 11, we know that a sequence {ψ(n)} of spherical functions converges in ∆(K, N ) to ψ if and only if the corresponding sequence of eigenvalues { D p (ψ(n))} converges to D p (ψ) for all K-invariant polynomials p. Therefore, to prove Theorem 4, it is enough to show that a sequence in A(K, N ) converges if and only if the corresponding sequence in
Without loss of generality, we can assume that any convergent sequence in A(K, N ) consists of orbits corresponding entirely to type I representations or entirely to type II representations, and any convergent sequence in ∆(K, N ) or E(K, N ) has the same property. We refer to elements of E(K, N ) which correspond to type I (type II) representations as "type I (type II) eigenvalues," and elements of A(K, N ) which correspond type I (type II) representations as "type I (type II) orbits."
In either model, E(K, N ) or A(K, N ), a type II sequence can only converge to another type II element. Indeed, if {(D 0 (ψ b(n) ), . . . , D r (ψ b(n) ))} is a convergent sequence of type II eigenvalues, then D 0 (ψ b(n) ) = p 0 (b, 0) = 0 by equation (10). This implies that the limit of the sequence of eigenvalues must be a type II eigenvalue. Similarly, if {K · (b(n), 0)} is a convergent sequence of type II orbits in A(K, N ), then the limit of the sequence of orbits must be a type II orbit since K ·(b(n), 0) ⊂ V. In contrast to this, type I sequences in either model can converge to either a type I element or a type II element. In the following arguments we treat each of these three possibilities separately.
We begin with the type II case. By equation (10) Next we address convergent type I sequences. Note that a type I sequence in either model cannot be convergent unless the sequence {λ(n)} ⊂ R >0 is convergent. Indeed, let {K · ( λ(n)v m(n) , λ(n)A)} be a convergent sequence of type I orbits. Since the action of K on z is unitary, the norm on z is an invariant polynomial: it is the polynomial p 0 in our enumeration in Section 3. By Theorem 14, the values of p 0 on the sequence of K-orbits must converge, so λ(n) → λ for some λ ≥ 0. Now let {(D 0 (ψ λ(n),m(n) ), . . . , D r (ψ λ(n),m(n) ))} be a convergent sequence of type I eigenvalues. By the reductions in Section 4 and Example 1, we have eigenvalues D 0 (ψ λ(n),m(n) ) = λ(n). Since Φ is an isomorphism, λ(n) → λ, for λ ≥ 0. In either model, if the limit point λ is strictly greater than zero, the sequence converges to a type I element. If the limit point λ = 0, then the sequence converges to a type II element. We now address each of these two cases.
Let {K · ( λ(n)v m(n) , λ(n)A)} be a sequence of type I orbits that converges to the type I orbit K · ( √ λv m , λA), where λ > 0. By moving to subsequences, we can assume that the sequence {( λ(n)v m(n) , λ(n)A)} of spherical points converges, with λ(n) → λ. By Theorem 14, the convergence of orbits implies that the sequence {p 1 ( λ(n)v m(n) ) = λ(n)|m(n)|} converges to p 1 ( √ λv m ) = λ|m|. This implies that {m(n)} is bounded. Since {m(n)} lies on a discrete lattice and {m(n)} is bounded, the sequence {m(n)} must eventually be constant, so we can assume without loss of generality that m(n) = m for all n. By equation (9), for any invariant polynomial p on n, there is an invariant polynomial p A on H V such that
, so by the corresponding result for the Heisenberg group, we have
and therefore
Conversely, suppose that {ψ λ(n),m(n) } is a sequence of type I spherical functions which converges to the type I spherical function ψ λ,m . Then by Theorem 11, for all invariant polynomials p on n, D p (ψ λ(n),m(n) ) → D p (ψ λ,m ). As observed above, this implies that λ(n) → λ. By Lemma 13, the sequence
is convergent. Since {m(n)} is a discrete set, this convergence is only possible if m(n) is eventually constant, so we can assume m(n) = m. Then, the corresponding sequence of spherical points
. Our final step is to address the case of a type I sequence converging to a type II element. Assume that {K · ( λ(n)v m(n) , λ(n)A)} is a sequence of type I orbits converging to the type II orbit K ·(b, 0). By moving to subsequences, we can assume that λ(n) → 0 and λ(n)v m(n) → b ′ ∈ K · b. The map ϕ defined in Section 3 sends spherical points to spherical points, so (ϕ( λ(n)v m(n) ), λ(n)) is a spherical point in h * V for each n, and we have the convergence (ϕ( λ(n)v m(n) ), λ(n)) → (ϕ(b), 0) in h * V . This implies that the corresponding K A -orbits for the Heisenberg setting converge:
Let p be a K-invariant polynomial on n, and let p A be the corresponding K A -invariant polynomial on H V . By the theorem for Heisenberg groups (Proposition 7.1 in [BR08] ), equation (9) and Lemma 7, we have
Conversely, suppose that type I eigenvalues { D p (ψ λ(n),m(n) )} converge to the type II eigenvalue D p (ψ b ) for all K-invariant polynomials p on n. Then λ(n) → 0, and for
by Lemma 13. Thus the sequences {λ(n)v m(n) } and {λ(n)v m(n) } are bounded. If necessary, we can go to convergent subsequences. Let p be a homogeneous,
where p(m) is a polynomial of degree s p /2. Since the sequence {λ(n)m(n)} is bounded, the sequence {(λ(n)) sp/2 top p(m(n))} will be bounded, and the lower order terms will go to zero. Hence
Thus if p is a K-invariant polynomial on V of degree s p , then
If p is a mixed invariant on V ⊕ z, homogeneous of degree s p on V and z p = 0 on z, then
and so with the K A -invariant polynomial q(v) = p(v, A), we have
On the other hand,
and hence
Thus for all K-invariant polynomials p on n, we have
and so every limit point of the sequence (
. This completes the proof of the theorem.
Example
In this section we provide a detailed description of the orbit model of the specific nilpotent Gelfand pair (K, N ) where K = U 2 ×SU 2 and N = V ⊕z, with V = C 2 ⊗C 2 and z = su 2 (C) is the center. Along the way, we provide explicit calculations of the relevant objects described in greater generality in the previous sections. We define the bracket on n by
The action of k = (k 1 , k 2 ) ∈ K on x = (u, A) ∈ n is given by
, where u ∈ V is a 2 × 2 complex matrix.
We can identify V * with V via the real inner product w, v V = tr(wv * ). Additionally, we can identify z * with z via the real inner product A, B z = − 1 2 ℜ(tr(AB)). This allows us to identify n * with n via the inner product (w, A), (v, B) n = w, v V + A, B z .
We use the orbit method to construct the representations of N, so we construct the coadjoint orbits of N. Let ℓ ∈ n * be given by pairing with the element (w, A) ∈ n. If X = (u, B) ∈ n and Y = (v, C) ∈ n, we have the action Thus, we see that our representations of N are broken into the type I and type II orbits described in Section 3, according to A = 0 or A = 0. Since each matrix in su 2 (C) can be unitarily diagonalized, each non-zero K-orbit in z has a representative of the form λi 0 0 −λi for λ ∈ R + . Let A = i 0 0 −i be the fixed unit base point in z, and consider the type I representation π = π (0,A) . In this case, we see that the stabilizer K π of the isomorphism class of π in K is
As in Section 1, we realize π in Fock space P (V). Regarding x ∈ V as a 2×2 complex matrix, the elements of P (V) are holomorphic polynomials in the coordinates x 11 , x 12 , x 21 and x 22 . As noted in [HU91] , under the action of U (2) × U (2), the space C[V] has highest weight vectors generated by g 1 (x) = x 11 and g 2 (x) = det(x). Since the action of K on C[V] is multiplicity free, we have the decomposition
where the highest weight vector of V α ⊗ V * α is a monomial in g 1 and g 2 , and α corresponds to a two-rowed Young diagram.
Restricting to K π amounts to restricting from U (2) × U (2) to K π = (U (1) × U (1)) × SU (2). The left V α 's split into one-dimensional subspaces, and the highest weight vectors of the representation of K π on C[V] are monomials in h 1 (x) = x 11 , h 2 (x) = x 21 , and h 3 (x) = det(x). Then the above decomposition becomes . One computes the corresponding highest weights α 1 , α 2 , and α 3 explicitly by computing the action of K π on {h 1 , h 2 , h 3 }. Let k = (t −1 , s) ∈ K π with t −1 = (t 1 , t 2 ) an element of the torus of U(2) and s = (s 1 , s 3 is the highest weight vector corresponding to the irreducible representation V of K π , then the highest weight of V is (m 1 + m 3 , m 2 + m 3 , m 1 + m 2 ). Note that since type II representations π ∈ N are one-dimensional characters, the action of K π is trivial, and the representation of K π is the trivial one-dimensional representation. Therefore, the only highest weight vector in a type II representation space is the (unique) unit vector with corresponding highest weight 0.
We use the generators for K-invariant polynomials found in [FRY12] : − v 21 ∂ ∂v 21 + v 12 ∂ ∂v 12 − v 22 ∂ ∂v 22 .
We then compute the eigenvalues of all type I spherical functions by applying these operators to the highest weight vectors h Recall from Section 5 that we construct the orbit model by using a moment map to identify the spherical points in A(K, N ). We define the moment map τ O : O → k
